The mathematics of quantum fields  by Glimm, James
ADVANCES IN MATHEMATICS 16, 221-232 (1975) 
The Mathematics of Quantum Fields 
JAMES GLIMM* 
Courant Institute of Mathematical Sciences, New York University, 
New York, New York 10012 
DEDICATED TO STAN ULAM 
Quantum field theory is the only satisfactory framework known 
which unites the principles of quantum mechanics with special relativity 
( i.e., Lorentz covariance). Its goal is to describe elementary particles. 
Its primary success is quantum electrodynamics, where it is possible 
to calculate numbers that are in perfect agreement with extremely 
accurate experiments. However for the interactions between protons, 
neutrons, and the many other particles of high energy physics, definitive 
calculations have not been possible, with the result that one does not 
know which (if any) interaction between quantum fields is a correct 
description of nature. 
From a mathematical point of view, quantum fields are highly 
singular, and the elementary operations performed on quantum fields 
have appeared to lack mathematical meaning. In order to make some 
progress in understanding the mathematical phenomena involved, the 
problem has been simplified by taking d, the number of space-time 
dimensions, to be two or three. To indicate the effect of a change in 
dimension on the mathematical difficulties of quantum field theory, 
we note that a nonlinear interaction involves products of functions, 
which for dimensional reasons are more singular as d increases. As 
an example, consider the fundamental solution C of --d + mo2. One 
can check that 
CEL,, l<P<% d= 1, (1) 
CELlI 7 al1 p < d/d - 2, d > 2, (2) 
c4-h 7 all p 3 d/d - 2, d 3 2. (3) 
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As d increases, C belongs to Lp for a decreasing range of p. In particular 
as x - y --f 0, the functions 
C(x - y)” w 1 x - y l-3, d = 3, (4 
C(x - y)3 - 1 x - y j-6, d = 4, and (5) 
C(x - y)2 - 1 x - y l-4, d=4 (6) 
are not locally integrable. Both C3 and C2 occur in field theory, and 
when their integrals diverge, an infinite (mass or charge) renormalization 
is required. 
In this article, we will try to answer in general terms the following 
two sets of questions: 
I. What are quantum fields? Why are they so singular? What 
kinds of mathematics are used to control them? 
II. What progress has been made so far? What problems have 
not been solved ? 
The questions of II are easier to answer in nontechnical terms. 
There are a number of complete and partial theories for d = 2, 3. 
In favorable cases much of the detailed structure can be obtained for 
the solution, including results of basic interest to physics. The general 
picture is summarized in the following table. Here P($)d is a polynomial 
boson interaction and Y, is a Yukawa interaction, while d as before, 
is the number of space-time dimensions. 
P($),: Existence and detailed structure 
Y2: Existence only 
$34: Existence 
d = 4: Only axiomatic results 
The detailed structure for P(+)2 includes results of basic importance 
to the physical interpretation of these models. In some cases, further 
restrictions are imposed on P (e.g., P = even + linear, P = q5*, or P 
small). Extensive presentations of the results can be found in [14, 15, 
17, 18, 27, 481, and so here we only mention some highlights: the 
verification of the Wightman and Haag-Ruelle axioms, the existence 
of particles with discrete, isolated mass spectra, an isometric S matrix, 
the existence or nonexistence [45] of bound states (depending on the 
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interaction), correlation inequalities (Guerra, Rosen and Simon [48]), 
bounds on critical exponents [20], asymptotic expansions in the limit 
of small coupling (Dimock [48]), B ore summability of the perturbation 1 
expansion [6] and analyticity of the solution in the coupling constant 
for small but nonzero coupling. The verification of the Wightman 
axioms combines a number of results (see [11, 481). The above results 
on particles and analyticity are due to Jaffe, Spencer and the author 
(see [48]). 
I am optimistic that the models Ya and 4a4 can be brought up to 
the level of P(+)a . F or recent progress in this direction, see [l-3, 7, 
13, 3&32, 35, 38, 39, 43, 44,49, 501. 
In four dimensions, new essential difficulties occur, and the only 
results are in the axiomatic approach, in which one assumes the existence 
of the quantum fields together with some minimal physical and mathe- 
matical properties. Proceeding backwards from the axioms toward 
the equations of motion, we have the Euclidean axiom scheme of 
Osterwalder and Schrader [38] and the bounds of [21], but the original 
problem (existence of interacting quantum fields in four space-time 
dimensions) is completely open. 
Now we turn to the questions mentioned under I. The central 
mathematical fact underlying quantum field theory is the occurrence 
of an infinite number of degrees of freedom. Continuum systems in 
general (e.g., fluids and solids, as well as fields) have an infinite number 
of degrees of freedom. For linear systems, these degrees of freedom 
can be decoupled, separated into normal modes, and the time evolution 
in any given normal mode can be solved independently of the others. 
Assuming that the dynamics is expressed in terms of a self-adjoint 
operator, this statement is just a corollary of the spectral theorem. 
For nonlinear (classical) systems, there is no separation into normal 
modes, and generally speaking, all degrees of freedom are coupled to 
each other. In quantum mechanics, the dynamics is again given by a 
self-adjoint operator H, but if the corresponding classical system is 
nonlinear, the coupling between the classical degrees of freedom is 
preserved, in the sense that the eigenfunctions of H can be expected 
to depend on all the classical degrees of freedom (all coordinate directions 
in %? below). For particles interacting with a potential force field, we 
choose 
H = Ho + v = C (2mi)-1pia + qq) = --c (2,ni)-1 -$ + Vq)* (7) 1 
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H acts on the Hilbert space 
iw = L,(V). 63) 
Here 59 is the “configuration space” of all initial positions (configura- 
tions) of the system, 4 E %, and V(q) is the potential, a function defined 
on 9?. For a continuum system, $7 is infinite-dimensional, and H, 
as given above, is a second-order elliptic operator in an infinite number 
of variables. We summarize this discussion as follows: Quantum field 
theory involves analysis over infinite dimensional spaces. Here infinite- 
dimensional stands in contrast to the conventional case of analysis over 
a finite dimensional space, %? = RN, or a finite dimensional manifold, 
%?=dN. 
From this point of view, it is clear that quantum field theory involves 
operators and Hilbert space theory. Both the theory of single self- 
adjoint operators and the theory of operator algebras (C* and W* 
algebras) have played important roles. Because H is a second-order 
elliptic operator, probability methods are useful, including function 
space integrals (e.g., (8)), the Feynman-Kac formula and stochastic 
processes. We remark that the case d = 1 has no space variable, and 
P(Nl reduces to the quantum mechanics of a single anharmonic 
oscillator. The stochastic variable 4 = 4(t) depends on time alone; 
for a linear theory (P(4) = d2), this stochastic process is an Ohrenstein- 
Uhlenbeck process. In the general case, d > 2, $ = 4(x, t) is a stochastic 
field depending on (x, t) E Rd. 
Also important for quantum field theory are analytic functions of 
several complex variables (in studying scattering amplitudes) and group 
representations. The most common groups are the inhomogeneous 
Lorentz group, as the symmetry group of space-time, and SU(2) or 
SU(3), which act as symmetries of the vector components of the field +, 
in case 4 = 4(x, t) E R2 is vector valued. Using such symmetry con- 
siderations alone, Gell-Mann achieved a remarkable classification 
(“the eightfold way”) of the strongly interacting particles. It follows 
that the equations for strongly interacting particles should be SU(2) 
or SU(3) invariant, as well as Lorentz invariant. In summary, we see 
that quantum field theory draws on some old and well-developed 
mathematical theories. It also provides a qualitatively new class of 
examples, which are in no sense contained in existing general theories 
(of stochastic fields or of partial differential operators in infinitely 
many variables). 
MATHEMATICS OF QUANTUM FIELDS 225 
It remains to answer the question: What are quantum fields, and 
why are they so singular ? To simplify the exposition we assume the 
existence of a Schrodinger representation (in technical terms, we 
assume cyclicity of the time zero fields) so that the Hilbert space ,z? 
of quantum mechanical states is given by (8). The initial position of a 
classical field is a function, defined on Rd-l. Thus %? is some space 
of functions defined on Rd-l. We want V to be sufficiently large to 
contain the solutions we are seeking and we want %2 to have a nice 
integration theory defined on it. A convenient choice is V = Y'(Rd-'), 
the Schwartz space of tempered distributions, at most polynomially 
increasing at infinity. The choice of a measure dq on 9, implicit in the 
definition 2’ = L&Q, is a very deep question, which we postpone. 
In case the quantum field + is vector valued, the generalized functions 
q E v = Y’(R”-1) 
are also taken to be vector valued. 
A quantum field is a linear operator on 2, defined as follows. For 
any test function f E Y(Rd-l), q ---f (4, f) is a linear coordinate function 
defined on V. The quantum field +(f) is multiplication by this linear 
coordinate function. Thus if F = F(g) E 2, then 
In the identification between self-adjoint operators and observables, 
+(f) measures the field strength or intensity in the coordinate directionf. 
In the case of a finite number of degrees of freedom, %? = RN, the 
position operators correspond to d(f). A position operator on L,(%‘) = 
L,(RN) is a multiplication operator O(Q) + Q(q) which acts as multiplica- 
tion by a linear coordinate function pi on V. qi measures the expected 
value of the position of the particles in the coordinate direction qi . 
Symbolically, we write 
so that d(x) is an operator valued distribution, equal to multiplication 
by the (densely defined) coordinate function q -+ (q, S,) = q(x), and 
It turns out that for measures dq of interest on V, even in the case 
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of free fields, 4(x) as defined above, is defined only on a set of measure 
zero in V, unless d = 1. In the Hilbert space 2, this statement translates 
into the fact that $( x is a densely defined bilinear form, but, as an ) 
operator, it is defined only on the zero vector. Thus (10) is meaningful 
as an identity between bilinear forms but not as an identity between 
operators. A more detailed analysis of these points follows from the 
support properties of dq given in [4, 5, 11, 26, 37, 40-421 and the con- 
tribution of Collela and Lanford in [48]. 
It is now easy to see why the field #J(X) is singular. The interaction 
potential V is a function on V. The standard and simplest choice is 
that V is a polynomial of degree at least three (so that the classical 
field equations are nonlinear). Because of Lorentz invariance, V contains 
no factors +(x) 4(y) with x # y. For this reason and because of transla- 
tion invariance 
V = P@(x)) dx. 
s 
The local singularities resulting from +2(x), +3(x),... in (12) are removed 
easily (and rigorously) by a device known as Wick ordering. In essence, 
the definition is as follows: 
q(x): = c+“(x) - j d”(x) dq, 
$3(x): = c+“(x) - 395(x) f +“(x) dq. 
The higher Wick powers are defined similarly, as Hermite polynomials 
in #J(X). It turns out that the left side is defined even when the individual 
terms on the right are not, as is the case for d > 2. In fact for the free 
field measure dq, 
which is finite for d = 1 only, by (l)-(3). Thus we modify (12) with 
the definition 
V = :P(+(x)): dx. 
s 
Having removed the singularities in V, we find that for d > 3, they 
recur in the higher powers of V, in the perturbation solution of the 
equations. The singularities occur as (divergent) integrals of quantities 
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such as (4)-(6). They are removed by mass (d = 3,4) and charge 
(d = 4) renormalization. Since these renormalizations are accomplished 
by an infinite change in the coefficients of P in (12’), they may raise 
doubts on two grounds. First, can the subtraction 00 - co = finite be 
made mathematically rigorous ? The answer is yes for the Ys and +a4 
interactions, which have infinite mass and vacuum energy renormaliza- 
tions. The correct mathematical treatment involves first inserting a 
mollifier 
4(4 - u4 = 1 #Y)iG - Y) dY 
to remove local singularities, then subtracting finite, but K-dependent 
quantities, and finally taking the limit K --+ co, j, + 6 in the differences 
(see [15]). Second, is it physically correct to modify the equations 
of motion, or the potential V, even by a finite amount? Again the 
answer is yes. The coefficients in P are not directly observed quantities. 
Thus they can and must be restricted by the condition that the mass 
and charge, as defined by the solution of the P(4) interaction, coincide 
with some (experimentally given) values. Thus on physical grounds, 
P can and must be replaced by some new polynomial P,,, . The 
coefficients of P,,, are determined in some complicated fashion by 
the mass and charge of the particles that the field is describing. This 
physically correct choice of the renormalized interaction polynomial 
P Pen coincides, on the level of formal perturbation theory, with the 
previous requirement of subtracting divergent quantities from powers 
of V. Similar arguments for d = 2 lead to a renormalized polynomial 
P pen which still has finite coefficients. However the constant term in 
P ren may be nonzero, which because of the infinite range of integration 
in (12’), leads to an infinite constant in V. Again the mathematics 
can be handled with complete rigor, and the infinite subtractions are 
defined by a limit process, as the limit of the difference of finite quantities. 
The final topic that we consider is the choice of the measure dq. 
dq depends in a sensitive fashion on P. Distinct choices of P should 
lead to mutually singular measures dq. Again the origin of this phenomena 
is the infinite number of degrees of freedom, as reflected in the fact 
that V is infinite-dimensional and does not possess a distinguished 
measure class, such as Lebesgue measure. dq must be chosen so that 
sf = ha@‘, 4) contains the ground state 52 of H. Using the similarity 
transform 
H + QHP1 = H’; dq + Q2 dq = dq’, (13) 
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we suppose that D = 1. This choice of dq may be regarded as a renor- 
malization. It is inessential when there is no change in measure class 
(as in the case of a finite number of degrees of freedom), but it is essential 
in typical limit processes with an infinite number of degrees of freedom. 
We use the Feynman-Kac formula to define A? (and presumably 
the measure dq). The use of this formula in field theory can be traced 
back to Feynman and Schwinger and was further considered by 
Symanzik [46, 471 as part of his covariant Euclidean program for the 
construction of quantum fields. See also [17] and the references cited 
there for mathematically rigorous but noncovariant applications of 
this formula and [36, 221 for the first applications which are simulta- 
neously rigorous and covariant. In order to concentrate on the formal 
ideas, we consider first the case %? = RN of N degrees of freedom, 
with H = -iA + V, and we add a constant to V, so that 
0 = inf spectrum H. 
This change in V and H is the vacuum energy renormalization. Since 
H > 0, we may make an analytic continuation t --f it = s in the solution 
of the Schrodinger equation and obtain thereby a solution ehsH of the 
heat equation. 
For V = 0, the heat equation is solved explicitly in terms of its 
fundamental solution, 
+I, s) = (e-““+J) = 1 F(q - Q’, 4 Nd, 0) dq’, 
F(q - f, S) = &s)-NP e-la-Q’12/28. 
F also defines the density for the transition probability for a Wiener 
path w = w(s) with values in V = RN to pass from w(O) = q’ to 
W(S) = q in time s. Thus by definition of Wiener measure, u has a 
Wiener integral representation 
where dw, is a conditional Wiener measure and 
w-(4, s) = {w: w(s) = q} 
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is a set of Wiener paths. In this notation, the Feynman-Kac formula 
states that 
is a solution of the heat equation 
Zlt = -Hv, H = --gA + V. 
On a formal level, (15) is a corollary of (14) and the product formula 
&A+B) = lim (e--A/n e-Bln)n. 
n-m 
We use (13) to transform (15) and obtain 
where 
<u(q), e-“H’$?)> = j G@))- 444) dw, (16) 
(+d, W) = /4d- 4qP2 4 and 
dw = lim 
exp(-JTT V(W(U)) dff} due 
T-tm J exp{--SC, V(W(G)) do} dw, ’ 
To extend these ideas to field theory, we choose the path space 
q(s) E 9 = y’(P-1) 
as before. The Hilbert space 8 and Hamiltonian H are now defined 
by the formulas 
(u, e-sW = s u(q)-+d- + 44 
where u is a function of 4(x, t), t < 0, and ZI is a function of 4(x, t), 
t > 0. Moreover, we let &, be the Gaussian measure on #‘- with 
covariance C and define dq as 
dq = lim exp{-.fA :W@>>: 4 dq, 
n-m j exp{-J, :P(I$(x)): dx} dq, ’ (17) 
Thus the mathematical problems in quantum field theory can be reduced 
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to the existence and properties of the limit (17). For P small, or for 
Dirichlet data in C with P = even + linear, the existence and certain 
properties of this limit in the case d = 2 are due to Glimm-Jaffe- 
Spencer, Nelson, Guerra-Rosen-Simon, and Frohlich (see [9, 10, 481). 
An earlier and more general construction of X and H uses C*-algebra 
states for the functional analysis, while estimates on function space 
integrals occur only in technical intermediate steps [16]. 
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